With respect to decision making problems under uncertainty, a trapezoidal intuitionistic fuzzy multiattribute decision making method based on cumulative prospect theory and Dempster-Shafer theory is developed. The proposed method reflects behavioral characteristics of decision makers, information fuzziness under uncertainty, and uncertain attribute weight information. Firstly, distance measurement and comparison rule of trapezoidal intuitionistic fuzzy numbers are used to derive value function under trapezoidal intuitionistic fuzzy environment. Secondly, the value function and decision weight function are used to calculate prospect values of attributes for each alternative. Then considering uncertain attribute weight information, Dempster-Shafer theory is used to aggregate prospect values for each alternative, and overall prospect values are obtained and thus the alternatives are sorted consequently. Finally, an illustrative example shows the feasibility of the proposed method.
Introduction
Existing multiattribute decision making methods based on expected utility theory assume that decision makers are completely rational. However, under risk and uncertainty, due to the vagueness of the decision making problems and limited human cognition, the actual decision making behavior is not entirely rational but bounded rationality [1] . There are much evidence, such as Allais paradox [2] , the certainty effect [3] , showing that, under risk and uncertainty, the expected utility theory is not valid as a descriptive theory for individual's decision making as it ignores the behaviors and cognitive factors of decision makers. On the basis of surveys and experiments, Kahneman and Tversky [3] proposed prospect theory which was further developed into cumulative prospect theory [4] . The prospect theory finds decision making behavior patterns which are not aware by expected utility theory. Since prospect theory can better reflect subjective risk attitude/preferences of the decision maker, it is more realistic to establish a prospect decision making under risk with interval probability based on prospect theory and the uncertain linguistic variables; Krohling and de Souza [10] proposed a novel method based on prospect theory and fuzzy numbers. Peng et al. [11] proposed a random multiattribute decision making method based on prospect theory and trapezoidal fuzzy numbers.
However, the previous researches are inadequate. Due to the complexity of socioeconomic environment, in many practical decision making problems, the preferences over alternatives expressed by decision makers are usually imprecise; that is, there may be hesitation about preferences. In such case, intuitionistic fuzzy set, as an extension of Zadeh's fuzzy set [12] , introduced by Atanassov [13] , can be suitable and convenient to express the decision makers' preferences. Recently, intuitionistic fuzzy set received more and more attention [14] [15] [16] [17] [18] . However, both the fuzzy set and the intuitionistic fuzzy set only use discrete domains. Fuzzy numbers are special cases of fuzzy sets and are of importance for fuzzy multiattribute decision making problems [19] [20] [21] [22] . Nehi and Maleki [23] introduced the trapezoidal intuitionistic fuzzy numbers as the extension of triangular intuitionistic fuzzy numbers. The trapezoidal intuitionistic fuzzy numbers are the extension of intuitionistic fuzzy sets in another way, which extends discrete set to continuous set, and they are the extension of fuzzy numbers [24] . Indeed some authors have noticed the advantage of trapezoidal intuitionistic fuzzy numbers in multiattribute decision making [25] [26] [27] [28] .
Furthermore, multiattribute decision making problems generally require decision makers to give attribute weight information. However, due to the complexity of the decision making environment, time pressure, lack of data, and limited information processing capability, attribute weight information has some uncertainty characteristics. Dempster-Shafer (D-S) theory [29] is an uncertain reasoning theory. It provides a unified framework for representing uncertain information allowing for representing "uncertainty, " "ignorance, " and other important concepts of cognitive science [30, 31] . So we can use D-S theory to deal with uncertain attribute weight information in multicriteria decision making.
Motivated by the advantages of prospect theory, trapezoidal intuitionistic fuzzy numbers and D-S theory in multicriteria decision making, this paper proposes a novel multicriteria decision making method by combining cumulative prospect theory, trapezoidal intuitionistic fuzzy numbers, and D-S theory into multicriteria decision making. The proposed model has the following characteristics: behaviors and cognitive factors of decision making under risk are captured; imprecise and fuzzy information is depicted; uncertain attribute weight information is considered, which can provide decision makers with a complete picture of the decision problem in the uncertain environment. This paper is organized as follows. In Section 2, we introduce some basic definitions of the trapezoidal intuitionistic fuzzy numbers, cumulative prospect theory, and D-S theory and define the gains and losses under trapezoidal intuitionistic fuzzy environment. In Section 3, a trapezoidal intuitionistic fuzzy multiattribute decision making method based on cumulative prospect theory and D-S theory is proposed. In Section 4, an illustrative example shows the feasibility and availability of the proposed method. Section 5 presents the comparison analysis with other corresponding works. Finally, some concluding remarks are drawn in Section 6.
Preliminaries
In this section, some basic definitions of trapezoidal intuitionistic fuzzy numbers, cumulative prospect theory, and D-S theory are introduced.
Trapezoidal Intuitionistic Fuzzy Numbers
Definition 1 (see [13] ). Let be a universe of discourse. Then an intuitionistic fuzzy set in is given by
where ( ) :
The numbers ( ) and V ( ) denote the degree of membership and nonmembership of the element to the set , respectively. In addition, the degree of hesitancy of can be computed as follows:
Obviously, if ( ) = 0, then the intuitionistic fuzzy set reduces to a fuzzy set.
A trapezoidal intuitionistic fuzzy number is a special intuitionistic fuzzy set.
Definition 2 (see [24] ). Let be a trapezoidal intuitionistic fuzzy number on a real number set , and its membership is defined as follows:
Its nonmembership is defined as follows:
where 
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We call = 1 − − ] the degree of hesitancy of the trapezoidal intuitionistic fuzzy number . Obviously, if = in the trapezoidal intuitionistic fuzzy number , reduces to a triangular intuitionistic fuzzy number.
; , V ) be two trapezoidal intuitionistic fuzzy numbers on a real number set ; then the Hamming distance between them is defined as follows:
For a trapezoidal intuitionistic fuzzy number = ([ , , , ]; , V ), Wang and Zhang [24] defined the expected value , score function , and accuracy function of trapezoidal intuitionistic fuzzy number as follows:
According to the expected value , score function , and accuracy function , the comparison rule between two trapezoidal intuitionistic fuzzy numbers = (
, V ) and
if ( ) = ( ), then consider the following:
Cumulative Prospect Theory.
The prospect, denoted by = ( 1 , 1 ; 2 , 2 ; . . . ; , ), is the basic research unit in prospect theory which yields outcome with probability [3] . Cumulative prospect theory, a development of prospect theory, has emerged as one of the most prominent alternatives to the expected utility theory [32] .
Value function together with decision weight function determines the prospect value in cumulative prospect theory.
Cumulative prospect theory defines the value associated with gains or losses from a reference point rather than the absolute amount of wealth. Tversky and Kahneman [4] proposed a value function that can well meet the reversing of risk aversion/risk seeking in case of gains or losses, which is defined as follows:
where Δ is the difference between outcome and the reference point 0 ; there is a gain if is larger than 0 and a loss if is smaller than 0 ; the coefficients and indicate the curvature of the value function for gains and losses, respectively; the coefficient indicates that the loss area is steeper than gains region in value function.
If the outcome and reference point 0 are expressed with trapezoidal intuitionistic fuzzy numbers, then Δ can be calculated by the following formula:
In cumulative prospect theory, prospect value of a prospect is determined by both value function V and decision weight function . Prospect value of the prospect can be calculated by the following formulas:
where ( ) indicates a permutation on {1, 2, . . . , } such that
decision weight function can be calculated by capacity function :
For prospects under risk, Prelec [33] gave + and − as follows:
where + , − , and are model parameters.
D-S Theory.
In the decision making methods based on evidence theory, the decision makers' preferences are expressed by mass function. Mass function can well describe the concept of "incomplete information, " "inaccurate information, " and "information uncertain. " Mass function is built on the basis of the recognition framework. Assuming there is a judgment issue, with Θ representing all the possible answers to the question and all elements in the complete collection Θ being independent, then we call the complete set Θ a recognition framework. Then, according to Shafer [29] , we introduce another important concept in the D-S theory: basic probability distribution function. 
then we call ( ) basic probability distribution function on recognition framework Θ. ( ) represents decision maker's exact trust degree for proposition . For the empty set, the exact trust degree for proposition is 0. If the decision maker fully trusts on proposition , then ( ) = 1. If the exact trust degree is greater than 0, we call the element a focal element.
If we use D-S theory in the decision making process, the evidence should be integrated. In literature, there are many operators for information aggregation. The ordered weighted averaging (OWA) operator [34] is a very common operator which provides a wide range of the parametric aggregation operators including the maximum, minimum, and arithmetic average. In view of the advantages of D-S theoretical framework and OWA operator in uncertain information processing, Yager [35] developed a more general aggregation operator.
Definition 5. Ordered weighted average operator based on D-S theory, denoted by DS-OWA, can be defined as
where is the weight vector associated with the th focal element, satisfying
is the th largest number of the ; is parameter variable, ( ) is a basic probability assignment, is the cardinal number of the th focal element, and is the sum of focal elements.
Multiattribute Decision Making Method Based on Cumulative Prospect Theory
For a multiattribute decision making problem under risk and uncertainty, let = { 1 , 2 , . . . , } be a set of alternatives and = { 1 , 2 , . . . , } decision attributes; for each attribute , there are possible natural states { 1 , 2 , . . . , } with probability , and the preference value of attribute on alternative is̃which is expressed in the form of trapezoidal intuitionistic fuzzy numbers. Different attributes have different reference points. For attribute , reference point is denoted bỹ0.
With these notations, we introduce our novel trapezoidal intuitionistic fuzzy multiattribute decision making method based on cumulative prospect theory and D-S theory as follows.
Step 
for the benefit attributes
Step 2. Selection of reference point̃0: for attribute , the decision maker determines the reference point according to his/her risk appetite and mental state. Generally, the status quo, the goals, and aspirations or the minimum requirement can be selected as a reference point [36] . Similarly, the reference point̃0 should be converted into a normalized valuẽ0 according to formula (17) or (18) to eliminate the impact of different dimensions of decision information.
Step 3. For each trapezoidal intuitionistic fuzzy prospect̃, calculate its value function by the following formula:
where V( ) is the value function in formula (8) and Δ̃is the difference between outcomẽand the reference point 0 :
Step 4. For each trapezoidal intuitionistic fuzzy prospect̃, calculate its prospect value by formulas (10)∼ (14); then the normalized decision matrix = (̃) × is converted into prospect value matrix = ( ) × .
Step 5. The determination of attribute weight information by mass function: firstly, compose Θ = { 1 , 2 , . . . , } as a frame of discernment. Then decision makers give attribute weight information according to their experience, knowledge, and observations. It is worth mentioning that, due to the complexity of the decision making environment, time pressure, lack of data, limited information processing capability, and Journal of Applied Mathematics 5 decision makers may usually consider one or more attributes at the same point which compose collections of elements and assign a number to each evidence representing the support degree of the collection [29] . Assuming that decision makers give mass function for collections of elements after the value judgments, { 1 , 2 , . . . , } are focal elements in evidence belief structure, probabilities assigned to each focal element are ( ), and the number of elements in each focal element is .
Step 6. For different focal element , determine the weighting vector for OWA operator. Decision makers may use different weight determination methods according to their interests.
Step 7. For each alternative , aggregate the prospect value into an overall prospect value by using DS-OWA operator in Definition 5.
Step 8. Rank the alternatives according to the size of overall prospects. The alternative with the biggest can be considered as the best alternative.
Illustrative Example
Now suppose that a venture capital company wants to select the most appropriate alternative to investment. After preevaluation, three alternatives 1 , 2 , and 3 have remained as alternatives for further selection. The four possible alternatives can be evaluated under four criteria: (1) growth (1) In order to evaluate three alternatives, based on his own experience and statistics, the decision maker firstly gives the reference valuẽof attribute on alternative , as shown in Tables 1, 2 , 3, and 4. Suppose the probability of each natural state can be forecasted as ; then according to the reference valuẽ and probability , we can obtain the trapezoidal intuitionistic fuzzy prospect̃= (̃1, 1 ;̃2, 2 ; . . . ;̃, ); thus, the decision matrix = (̃) × can be obtained. To eliminate the impact of the different dimensions of decision information, formulas (18) , for attributes 1 , 2 , and 3 , and (17) for attribute 4 are used to convert the decision matrix = (̃) × into the normalized decision matrix = (̃) × .
(2) In order to obtain prospect value of attribute on each alternative, the decision maker determines the reference point̃0 according to his/her risk appetite (8), (19) , and (20) , where in formula (8) , in view of Tversky and Kahneman [4] , the coefficients = = 0.88, = 2.25. And then, according to formulas (10)∼ (14), calculate prospect value of prospect̃, where in formula (14) , in view of Goda and Hong [37] , the coefficients + = − = 0.8, = 1.0. Thus the normalized decision matrix = (̃) × is converted to prospect value matrix = ( ) × as shown in Table 5 .
(4) In order to determine evidence belief structure, decision makers discuss the importance of each attribute and finally give the belief structure on discernment frame Θ = { 1 , 2 , . . . , } according to their experience, knowledge, and observations as follows:
(5) Here we use the normal distribution method [38] to determine the weighting vector for OWA operator with two arguments:
The alternative 3 has the biggest , so the best alternative is 3 .
Comparison Analysis with Other Corresponding Works
Compared with other corresponding works, the advantages of our proposed method in this paper are summarized as follows.
(1) The existing multiattribute decision making methods based on expected utility theory ignore the decision maker's risk psychological factors, while our proposed method based on cumulative prospect theory in this paper can reflect well the subjective risk attitude/preferences of the decision maker. The proposed method fully takes into account the bounded rationality of the decision maker in decision making under uncertainty.
(2) The existing multiattribute decision making methods based on prospect theory in literature [6] [7] [8] [9] [10] [11] only use crisp values, fuzzy numbers, and linguistic variables to express decision information while our proposed method in this paper uses trapezoidal intuitionistic fuzzy numbers to depict uncertain and fuzzy information. Compared with crisp values, fuzzy numbers, and linguistic variables, trapezoidal intuitionistic fuzzy numbers in this paper can accurately describe the imprecise and vague preferences in decision making under uncertainty.
(3) Compared with multiattribute decision making methods based on trapezoidal intuitionistic fuzzy numbers in the literature [25] [26] [27] [28] , our proposed method in this paper noticed the uncertainty existing in the knowledge of attributes and used D-S theory to deal with the uncertain attribute weight information in multicriteria decision making.
(4) Compared with other corresponding works, this paper combines prospect theory, trapezoidal intuitionistic fuzzy numbers, and D-S theory to multicriteria decision making and provides decision makers with a complete view of the decision problem in the uncertain environment.
Conclusions
The prospect theory finds decision making behavior patterns constituting violations of the expected utility theory. Since the prospect theory can better reflect subjective risk preferences of the decision makers, the prospect theory-based decision making method is of more practical value than expected utility theory-based method. For risky decision making problems where attribute values are in the form of trapezoidal intuitionistic fuzzy numbers and where attribute weights are uncertain, this paper proposes a trapezoidal intuitionistic fuzzy multiattribute decision making method based on cumulative prospect theory and D-S theory and gives the specific steps of the proposed method. On the one hand, the proposed method reflects the psychological and behavioral characteristics of decision makers; on the other hand, the proposed method reflects the information fuzziness under uncertainty and the uncertain attribute weight information which is more in line with realistic decisions making. The proposed method provides a guideline for the multiattribute decision making under risk and uncertainty.
